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Dark and Bright Excitonic States in Nitride Quantum Dots
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Formation of excitonic states in quantum dots, of nitride based III-V semiconductors GaN and
AlN, including coulombic interaction, exchange interaction and dielectric effects are investigated.
Dark exciton formation is found to occur for both GaN quantum dots(QDs) with wurtzite structure
having positive crystal field splitting and GaN and AlN QDs with zinc-blende structure having
zero crystal field splitting. The transition from dark to bright exciton occurs between radii range
20A˚∼40A˚ depending on the amount of dielectric mismatch between the dot and the surroundings.
In wurtzite AlN QDs with negative crystal field splitting, the splitting between the dark and bright
excitonic states is very small and vanishes at about 15A˚.
PACS numbers: 73.22.-f, 73.21.La, 72.80.Ey
I. INTRODUCTION
A very interesting feature of semiconductor quantum dots(QDs) is the red shift of emission peaks with respect to
absorption spectra and its size dependence1−4. As the radius increases the red shift decreases and disappears beyond
a certain radius. Such red shifts in QDs have been measured in Si1, CdSe2,3, InAs4 and become zero at about 50A˚
for CdSe and at about 40A˚ for InAs. The theoretical explaination of the phenomenon is based on the formation of
dark exciton states where the top of the valence band is either an optically passive P state5,6 or the electron and the
hole are in a triplet state3. Absorption of a photon and subsequent formation of an exciton can then take place only
from an optically active state lying deeper in valence band. Such an exciton is termed dark as it cannot decay by a
direct dipole transition to the top of the valence band. The decay eventually takes place with the help of phonons
yielding red shifted photons.
The electronic energy levels of GaN, InN and AlN QDs without the electron hole(e-h) interaction have recently
been investigated in detail by us7. In this paper we study the excitonic states in nitrides as a function of the sign of
the crystal field splitting ∆cr. The excitonic energy levels are found to change drastically as one goes from wurtzite
GaN(+ve ∆cr)to zinc-blende GaN(zero ∆cr ) and further to wurtzite AlN(-ve ∆cr). We examine the formation of
dark and bright excitons in GaN and AlN QDs by considering the e-h coulomb interaction, e-h exchange interaction
and the dielectric mismatch effects using the multiband k.p method. The suitability of the method for this type of
problems is discussed in Ref.3 and 6. The nitride based QDs are interesting because (i) unlike GaAs and most other
III-V semiconductors which have zinc-blende structure, III-V nitrides have both zinc-blende and wurtzite structure;
(ii) the crystal field splitting is negative for wurtzite AlN(w-AlN) but is positive for wurtzite GaN(w-GaN); (iii) the
possibility of using the inbuilt electric field due to giant piezoelectric effect to generate entangled exciton-exciton
states required for quantum computers8. Since the crystal field effects are absent in the zinc-blende structures, one
is able to study and compare spectra of systems with positive, zero and negative crystal fields. In Sec.II the selection
rules for the optical transitions in QDs are given and the concept of dark exciton is introduced. Sec.III gives the
theoretical framework used in the calculation. The results obtained and their discussion will be found in Sec.IV. This
is followed by conclusions in Sec.V.
II. SELECTION RULES FOR OPTICAL TRANSITIONS IN QDS
The probabilities of the optical transition at band edges in QDs are governed by the matrix element of the operator
ep̂ between the states at the valence band top and the bottom of the conduction band, where ep̂ is a momentum
operator. These states incorporate both the effects of crystal structure and confinement. The electron wavefunction,
1Se, at the bottom of the conduction band can be written as
9
ψe (r) = j0(k
0
1r)Y00 (θ, φ) |Sα〉 , (1)
where |Sα〉 are the Bloch functions of the conduction band, α is the projection of the electron spin, Y00 is the
spherical harmonics and j0(k
0
1r) is the spherical bessel function. Optical transitions from this state are possible
only to hole states in the valence band which have the S-state as a component because
∫
YLmY00dΩ = δL,oδm,o. The
optical transition probability from the bottom of the conduction band to a hole state in the valence band is given
by9 Pαβ =
∣∣∫ drr2j0(k01r) (cRo(r))∣∣2 |〈uµβ |ep̂|Sα〉|2, where c is the component of the S-state Ro(r) in the hole
2wavefunction, β is the spin projection of the removed electron in the hole state and uµ are the Bloch wavefunctions
of the hole states: u± = |1,±1〉 , uo = |1, 0〉. Pαβ is zero if α 6= β. Optical transitions from the bottom of the conduction
band to the top of the valence band is not possible if either (1) The hole state does not have a component of the
S-state (i.e if c=0), or (2) The spin projections of the removed electron in the hole state and the electron in the
conduction band are not equal, α 6= β. Since the spin projection of the hole state is obtained by flipping the spin
projection of the electron removed, it follows that optical transitions are not possible if the spins of the electron and
the hole are parallel i.e if they are in a triplet state. Thus, if the top of the valence band is a P-state, or the electron
at bottom of the conduction band and the hole at the top of the valence band are in a triplet state, a dark exciton is
formed.
III. EXCITONIC STATES IN SPHERICAL QUANTUM DOTS
The exciton states are obtained from the Hamiltonian
H = He +Hh +Hso + Ve−h + VPol−s + VPol−eh (2)
where He, Hh, Hso, Ve−h are the electronic Hamiltonian, the hole Hamiltonian, the spin-orbit interaction and the e-h
coulomb interaction respectively. The last two terms represent the surface polarization energies arising due to the
difference in the dielectric constants between the semiconductor quantum dot and the surrounding medium14. VPol−s
is the self energy of the electron and hole due to their image charges and VPol−eh is the mutual interaction energy
between the electron and hole via image charges. The excitonic states obtained from Eq.(2) will be split further due
to the exchange interaction3 Hex between the electron and hole.
He is effectively the Hamiltonian of a ”free” electron with effective mass m
∗
e confined to a spherical dot of radius
R. The lowest eigenfunction of He is given by Eq. (1). Since an electron created in a higher state of the conduction
band will quickly cascade down to the lowest state, this state is the state of interest in exciton calculation. The hole
Hamiltonian Hh and the spin-orbit interaction Hso, are given in Refs. 6, 7 for wurtzite structures in the effective mass
theory. The basis used is the direct product of Bloch wavefunctions at the valence band top with angular momentum
I = 1 and the spin eigenstates (|I, Iz〉 |S, Sz〉):
|u1〉 = |1, 1〉
∣∣ 1
2
, 1
2
〉
, |u2〉 = |1, 0〉
∣∣ 1
2
, 1
2
〉
, |u3〉 = |1,−1〉
∣∣ 1
2
, 1
2
〉
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∣∣ 1
2
,− 1
2
〉
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∣∣ 1
2
,− 1
2
〉
, |u6〉 = |1,−1〉
∣∣ 1
2
,− 1
2
〉 (3)
where |1, 1〉 = − 1√
2
|X + ιY 〉 , |1, 0〉 = |Z〉 , |1,−1〉 = 1√
2
|X − ιY 〉. The hole Hamiltonian in this basis with the energy
reference as the top of the valence band is given by
Hh +Hso =
1
2mo


P1 S −T 0 0 0
S∗ P3 + 2moλ −S −2
√
2moλ 0 0
−T ∗ −S∗ P1 + 4moλ 0 −2
√
2moλ 0
0 −2√2moλ 0 P1 + 4moλ S −T
0 0 −2√2moλ S∗ P3 + 2moλ −S
0 0 0 −T ∗ −S∗ P1

 (4)
where λ = ∆so3 , ∆so being the splitting at the top of the valence band Γ due to the spin orbit interaction. P1 =
γ1p
2−
√
2
3γ2P
(2)
o , P3 = γ
′
1p
2+
√
2
3γ
′
2P
(2)
o +2mo∆cr, T = ηP
(2)
−2 +δP
(2)
2 , T
∗ = ηP (2)2 +δP
(2)
−2 , S = ΛpoP
(1)
−1 +
√
2γ′3P
(2)
−1 ,
S∗ = −ΛpoP (2)1 −
√
2γ′3P
(2)
1 where P
(2) and P (1) are second and first rank spherical tensors formed out of the
components px, py, pz and ∆cr is the crystal field splitting energy. The parameters γ1, γ2, γ
′
1, γ
′
2 etc. are related
to effective mass parameters L,M,N · · · by the relations6 γ1 = 13 (L+M +N), γ2 = 13 (L+M +N) , γ3 = 16R,
γ′1 =
1
3 (T + 2S), γ
′
2 =
1
6 (T − S), γ′3 = 16Q, η = 16 (L−M +R), δ = 16 (L−M −R). The effective mass parameters
L,M,N...S, T have been taken from Ref.7. While the basic structure in wurtzite is hexagonal close packed(hcp), the
basic structure in zinc-blende is face centered cubic(fcc). In zinc-blende structure crystal field effects are absent and
the transition from the Hamiltonian Ho + Hso in the wurtzite case to the corresponding one in the zinc-blende is
easily obtained by putting ∆cr = 0,Λ = 0, R = Q = N,S = M,T = L. Baldereschi and Lipari
10,11 have shown that
for the zinc-blende structures the spherical symmetry approximation for the Hamiltonian is a good approximation.
3The eigenfunction of the Hamiltonian given in Eq. 4 can be written as
Ψm+ 1
2
=
∑
ℓ,n
Cn,ℓjℓ
(
kℓnr
)


an,ℓY
m−1
ℓ (θ, φ)
bn,ℓY
m
ℓ (θ, φ)
dn,ℓY
m+1
ℓ (θ, φ)
a′n,ℓY
m
ℓ (θ, φ)
b′n,ℓY
m+1
ℓ (θ, φ)
d′n,ℓY
m+2
ℓ (θ, φ)


(5)
In Eq. (5), jℓ (x) is the spherical Bessel function, k
ℓ
n =
αℓn
R
, where αℓn is the n
th zero of jℓ (x), R is the dot radius
and Cn,ℓ is an overall normalization constant given by Cn,ℓ =
√
2
R
3
2
1
jℓ+1(αℓn)
. It should be noted that the ℓz-values
in the last three terms of the column matrix, given in Eq. (5), are one more than the corresponding values in
the first three, because the former are associated with spin states with Sz =
1
2 while the later are associated with
Sz = − 12 . Each eigenfunction is characterized by a definite value of M = m + 12 = ℓz + Iz + Sz where ℓz, Iz , Sz
represent the z-components of the spherical harmonics, Bloch wavefunctions at the valence band top, and the spin
part respectively. The energy eigenvalues and wavefunctions for the hole states are obtained from the solution of the
Schrodinger equation
HΨm+ 1
2
= EΨm+ 1
2
(6)
with H given by Eq. (4) and Ψm+ 1
2
given by Eq. (5).
The coulomb interaction between the electron and the hole Veh is given by
Veh = − e
2
reh
where e(h) refers to the electron (hole). If we take the excitonic Bohr radius in the medium aex = h¯
2ǫd/m
∗
ee
2 and
Rydberg Rex = m
∗
ee
4/2h¯2ǫ2r (m
∗
e is the effective mass of the electron in units of the free electron mass m0, and ǫd is
the dielectric constant of the dot material) as the units of length and energy respectively, Veh becomes
Veh = − 2
reh
, (7)
The exciton wavefunction can be expanded in terms of the electron and hole wavefunctions as
ψex =
∑
i,j
Cijψei(~re)ψhj(~rh), (8)
where ψei(~re) is the eigenstate of the electron of the conduction band and ψhj(~rh) is the hole eigenstate obtained from
Eq. 6. The exciton energy can be obtained from the secular equation
|(Ene,le + Emh,lh − E)δikδjl + Vij,kl| = 0 (9)
where6
Vij,kl =
〈
ψei(~re)ψhj(~rh)
∣∣∣∣−2reh
∣∣∣∣ψek(~re)ψhl(~rh)
〉
The effects due to the difference in the dielectric constant between the semiconductor quantum dot and the sur-
rounding medium in the excitonic Hamiltonian are given by VPol−s and VPol−eh. These two terms represent the
surface polarization energies and are given by14
VPol−s = e
2
2R
∞∑
n=0
αn
[[
re
R
]2n
+
[
rh
R
]2n]
VPol−eh = − e22R
∞∑
n=0
αn
[
rerh
R2
]n
Pn (cosθeh)
(10)
where Pn is the Legendre polynomial of nth order and θeh is the angle between re and rh. The dielectric constants
of the semiconducting material of the dot and the surrounding medium are denoted by ǫd and ǫs respectively and αn
4is defined by αn =
(n+1)(ǫ−1)
ǫs(nǫ+n+1)
with ǫ = ǫd
ǫs
. Both VPol−s and VPol−eh become zero when either the radius of the dot
R → ∞ or ǫ = ǫd
ǫs
= 1(αn = 0). Both the cases correspond to no dielectric mismatch between the system and the
surroundings.
In addition to the coulomb interaction there is the exchange interaction3,14 between the electron and the hole which
splits the active exciton states described above and is given by
Hex =
(
−2
3
)
ǫex(ao)
3δ(~re − ~rh)σJ (11)
where ǫex is the exchange strength constant, ao the lattice constant, σ the Pauli spin matrices representing the electron
spin and J is the hole spin matrix. The exchange interaction was diagonalized in the eight dimensional basis3 obtained
by taking the direct product of the hole S-states with M = ± 32 and M = ± 12 and the electron spin states ± 12 .
IV. RESULTS AND DISCUSSION
The transition probability between the hole state at the top of the valence band and the electron S-state at the
bottom of the conduction band is zero if either (1) the hole state is a P state and not a S-state or (2) if the hole at
the top of the valence band and the electron at the bottom of the conduction band are in a triplet state. Hence in the
above two cases a dark exciton is formed between the electron and the hole. In both the cases the excitation takes
place from a hole state, having an S-state component, lying deeper in the valence band, to the electron S-state at the
bottom of the conduction band. This is a transition to a singlet state between the hole and the electron which has
higher energy than the triplet state. De-excitation takes place eventually, with the help of phonons, to the P state at
the top of the valence band in the first case and to the triplet state and finally to the S-state of the valence band in the
second case. This gives rise to the red shift of the emission spectra relative to the absorption spectra in both the cases.
In view of the different mechanisms involved, the discussion is divided into two subsections. In the first subsection
we investigate the nature of the state at the top of the valence band i.e whether the state is an optically passive
P-state or an optically active S-state. This is done first without including the electron hole coulomb interaction and
then with the inclusion of excitonic effects. The effects of dielectric mismatch between the QD and the surrounding
medium have also been considered. In the next subsection we study the effect of the exchange interaction between
the electron at the bottom of the conduction band and the hole at the top of the valence band on the excitonic states.
The exchange interaction gives rise to a splitting between the triplet and the singlet state with the triplet state lying
lower in energy. The red shift, which is the singlet-triplet energy difference, is a function of the radius of the QD. It
decreases with the increase of radius and vanishes beyond a certain radius. As observed in our previous work(Ref.7),
the crystal field plays a crucial role in determining the nature of the state at the top of the valence band and hence the
red shift. The effect of the sign of the crystal field splitting ∆cr on the red shift has been investigated by comparing
the results for wurtzite GaN, zinc-blende GaN and wurtzite AlN QD’s having positive, zero and negative crystal field
splitting ∆cr respectively.
A. Coulombic interaction and the dielectric mismatch effects
The calculated hole spectra for GaN and AlN including excitonic effects as a function of the dot radius R are shown
in Figs.1-3. The eigenvalues and the eigenfunctions of Hh+Hso have been investigated in detail in our previous work
(Ref.7) but here we focus on the trends of the first optically passive P state and the first optically active S state as a
function of the dot radius R. For comparison Figs.1(a), 2(a) and 3(a) give the energies of the hole states without the
e-h coulomb interaction for w-GaN with +ve ∆cr, zinc-blende GaN(z-GaN) with zero ∆cr and w-AlN with -ve ∆cr
respectively. In Figs.1(b), 2(b) and 3(b) are given the first optically passive and the first optically active states of the
same materials with the e-h coulomb interaction included. Both the cases, when the dielectric effects are present and
absent have been considered. The energies are in the units of ǫo =
γ1
2mo
(
h¯
R
)2
. The following observations are made in
three different cases:
1. Wurtzite GaN (∆cr is positive): Fig.1(a) gives the hole eigenvalues in the absence of e-h interaction. The
states are labelled as |Px ↑〉, |Sz ↓〉 etc. Since the wurtzite Hamiltonian is axially symmetric only the z-component of
the total angular momentum F′=ℓ + I + S is conserved where ℓ is the orbital angular momentum, I(=1) is angular
momentum of the Bloch wavefunction at the valence band top and S is the spin of the hole. In labelling of the states
the capital letters (S, P etc.) represent the dominant ℓ present and the subscripts indicate whether the states are X-,
Y-like or Z-like, the arrow indicating the spin state. We observe the following trends for the lowest optically passive P
state and the first optically active S state :(1) The ground state is |Px ↑〉 rather than an S-state, with the z-component
5of total angular momentumM = 12 . (2) As seen from Table.I (which gives the probabilities of the different components
of angular momentum in the ground and first excited states), the ground state |Px ↑〉 has about 50% probability in
the state with ℓ = 1, Iz = +1, Sz = +
1
2 and 49% probability in the state with ℓ = 1, Iz = −1, Sz = + 12 for small R. As
R increases the energy of the state increases, the probability in the state with Iz = +1 increases and the probability
in the state with Iz = −1 decreases. (3) The first optically active state for the system is |Sx ↑〉 with M = 32 . This
state is relatively flat as a function of R and has a large probability only in the state with ℓ = 0, Iz = +1, Sz = +
1
2 .
Thus when the e-h coulomb interaction is not taken into account, the system is predicted to have dark excitons for
even very large values of R.
Inclusion of the Coulomb interaction between the electron and the hole: The situation changes significantly when
the e-h coulomb interaction is taken into account. Fig.1(b) with ǫ = ǫd
ǫs
(ǫd= dielectric constant inside the dot, ǫs=
dielectric constant of the surrounding medium) shows that for ǫ = 1(no dielectric mismatch), with the inclusion of
the e-h coulomb interaction, the energies of both the passive |Px ↑〉 state and the first active excited state |Sx ↑〉 have
a downward slope as a function of R. With the energy of |Sx ↑〉 decreasing faster, at about R ∼ 50A˚ the levels cross
and the active |Sx ↑〉 state becomes the ground state. Thus there will be a transition from dark excitonic state to
bright excitonic state for w-GaN at about R ∼ 50A˚.
At very low radii, the kinetic energy due to confinement is very high. As the radius increases, the kinetic energy due
to confinement decreases and the relative contribution of the coulomb energy to the total energy increases. Since the
coulomb interaction is stronger in the S-state than in the P state, the decrease in energy of the S-state is more than
that for the P-state, the gap between |Px ↑〉 and |Sx ↑〉 decreases and the levels eventually cross. Figs.5(a) and 6(a)
give the energy difference between the |Sx ↑〉 and |Px ↑〉 states as a function of R for w-GaN and z-GaN respectively.
Effect of dielectric mismatch between the QD and the surroundings : The effects of dielectric mismatch between the
dot and the surrounding medium can be seen from Fig.1(b) by comparing the corresponding curves for ǫ = 5(dielectric
mismatch present) and ǫ = 1(no dielectric mismatch). The dielectric mismatch effects are greatly reduced because
of large cancellations of contributions from the self energies of the electrons and holes due to their image charges
(represented by VPol−s in Eq. (10)) and the mutual interaction between the electron and the hole via image charges
(VPol−eh in Eq. (10)). The contributions are of opposite sign but comparable in magnitude12, the net effect being an
increase in energy. The inclusion of surface polarization effects causes the cross-over between |Sx ↑〉 and |Px ↑〉 states
to occur at lower radii, the amount of shift depending on the amount of dielectric mismatch ǫ. For ǫ = 5, the cross-over
occurs at about R ∼ 30A˚. This happens because the energy of the P state is raised more due to surface polarization
effects than that of the S-state. The center of the dot r=0 is the position of greatest dielectric stabilization13. Since〈
r2
〉
of the charge distribution is higher for the P-state than for the S-state, the increase in energy due to surface
polarization effect term VPol−s is higher for the P-state than for the S-state. VPol−eh representing the coulombic
interaction is stronger in the S state than in the P state. Since this term is negative, it also makes the expectation
value of VPol−s + VPol−eh higher for the P-state than for the S-state. Figs.5(a) and 6(a) for w-GaN and z-GaN
respectively give the energy difference in meV as a function of R with the dielectric mismatch effects included.
2. Zinc-Blende GaN (∆cr is zero): Fig.2(a) gives the hole eigenvalues in the absence of e-h interaction. The states
are labelled as S 3
2
, P 1
2
etc where capital letters correspond to the lowest ~ℓ present and the subscripts gives the total
angular momentum F′. Unlike the wurtzite case the total angular momentum ~F ′ is conserved for the zinc-blende.
We observe that the ground state is the optically passive P 3
2
rather than the optically active S 3
2
state. The ground
state P 3
2
is degenerate with respect to its z-component M = ± 32 ,± 12 . It is also almost degenerate with the P 12 upto
about R ∼ 10A˚ and slopes downwards as R increases. The first optically active state S 3
2
lies above P 3
2
and is almost
degenerate with S 1
2
upto about R ∼ 10A˚ and slopes downwards as R increases.
Thus as in the case of w-GaN, for z-GaN also the ground state is a dark excitonic state. When the coulomb interaction
is included without the inclusion of dielectric mismatch effects (Fig.2(b) with ǫ = 1), the energies of both the states
decrease faster with R with the S 3
2
state eventually crossing the P 3
2
and becoming the ground state at about R ∼ 35A˚.
As in the case of w-GaN, the inclusion of surface polarization effects shifts the transition from dark to bright excitonic
state to lower R (Fig.2(b) with ǫ = 5). For ǫ = 5, the crossover occurs at R ∼ 20A˚ as seen from Fig.2(b).
3. Wurtzite AlN (∆cr is negative): Fig.3(a) gives the hole eigenvalues in the absence of e-h interaction. The
states are labelled in the same manner as for w-GaN. We observe that the active |Sz ↑〉 state with M = 12 is the
ground state beyond R ∼ 20A˚ in the absence of e-h interaction. This state is very flat throughout the radii range
with high probability only for the state with ℓ = 0, Iz = 0, and Sz = +
1
2 as seen from Table. I. After the inclusion
of e-h coulomb interaction and the surface polarization effects, |Sz ↑〉 becomes the ground state for all radii as seen
from Fig. 3(b). Therefore there will be no dark exciton in wurtzite AlN QDs.
Thus it is found that (i) dark exciton is formed in GaN QDs with zinc-blende structures (∆cr=0) and with wurtzite
structures (∆cr positive) for radii smaller than 30 ∼ 40A˚. There is no dark exciton for AlN QDs with wurtzite
structure (∆cr negative). The behaviour of zinc-blende AlN will be similar to zinc-blende GaN. (ii) The first optically
6active S-state comes from M = ± 32 ,± 12 for z-GaN QD, from M = ± 32 for w-GaN and from M = ± 12 for w-AlN.
The observed features of the first optically passive P-state and the first optically active S-state of the hole( eigenstates
of Hh +Hso) can be explained by analyzing the Hamiltonian given in Eq. 4. For wurtzite GaN QD structures ∆cr
is positive and the states with Iz = ±1 lie lower to the state with Iz = 0. For M = ℓz + Iz + Sz = 12 with Iz = ±1
and Sz =
1
2 , ℓz should be ∓1. The lowest ~ℓ for which this can happen is ~ℓ = 1. Hence for M = 12 , the lowest state is
a P-state and not a S-state and is primarily made of Iz = ±1. This also shows that the first optically active S-state
comes from M = 32 with the composition ℓ = 0, ℓz = 0, Iz = +1, Sz = +
1
2 . For QDs of w-AlN with -ve ∆cr the state
with Iz = 0 is lower than states with Iz = ±1. For M = ℓz + Iz + Sz = 12 with Iz = 0 and Sz = 12 , ℓz must be 0. The
lowest ~ℓ for which this is possible is ~ℓ = 0 and we have the S-state as the ground state.
For GaN QDs with the +ve ∆cr, in the absence of e-h coulomb interaction, the P-state with M =
1
2 lies lower than
the S-state with M = 32 and slopes upwards. This can be explained by looking at the probabilities for various states
given in Table.1. It is found that for small R, the |Px ↑〉 state has 50% probability in the state with Iz = +1, Sz = + 12
and 49% probability in the state with Iz = −1, Sz = + 12 . As R increases the energy of the state increases, the
probability in the state with Iz = +1 increases and that in the state with Iz = −1decreases. The observed trends
follow from the submatrix H ′ formed with base states |1, 1〉 ∣∣ 12 ,+ 12〉 and |1,−1〉 ∣∣ 12 ,+ 12〉 of the Hamiltonian given in
Eq. (4)
H′ =
h¯2
2moR2
(
P ′
1
−T ′
−T ′∗ P ′
1
+ λ′R2
)
(12)
where λ′ = 4moλR
2
h¯2
. Since the graphs are in the units of ǫo =
γ1
2mo
(
h¯
R
)2
the ( h¯
R
)
2
dependence coming from p2
term contained in P1 and T of Eq. (4) has been taken out. P
′
1and − T ′ are independent of R. At very small R, the
spin-orbit term involving λ becomes negligible relative to momentum dependent terms P1 due to confinement effects
and therefore H ′11 ∼ H ′22. Hence the state with Iz = +1 is equally probable as the state with Iz = −1. As the radius
increases the confinement effect reduces and the spin orbit term λ becomes more important. Hence the probability
of the state with Iz = +1 in the ground state increases, that of the state with Iz = −1 decreases and the lowest
eigenvalue slopes upwards. The |Sx ↑〉 state with M = 32 has high probability only in the state with Iz = +1, Sz = + 12
as seen from Table. 1 and is therefore primarily determined by H ′11 which in the units of ǫo is independent of R. This
explains the relatively flat curve for the |Sx ↑〉 state in Fig.2(a) and Ref.7. When the attractive coulomb attraction
is added, the energy of the |Sx ↑〉 decreases faster than that of the |Px ↑〉 since the coulomb interaction is stronger in
the S state than in P state. At about R ∼ 50A˚ the S state crosses the P state and becomes the ground state. Further
inclusion of surface polarization effects shifts the above crossover to lower R as the increase in energy of the state due
to surface polarization effects is more for the P state then for the S state.
For QDs with zinc-blende structures, without the e-h interaction the P 3
2
state is degenerate with P 1
2
state upto
R ∼ 10A˚ because at low R the contribution to energy of the spin-orbit interaction becomes negligible compared to
the contributions from momentum dependent terms due to confinement. As the radius increases, the effect of spin
orbit interaction becomes more important and the splitting between P 3
2
and P 1
2
increases. P 3
2
slopes downwards and
P 1
2
slopes upwards. As mentioned above after the inclusion of couloumb interaction the S 3
2
state crosses the P 3
2
state
at R ∼ 30A˚. This crossover shifts to lower R on further addition of dielectric mismatch effects, with the amount of
shift depending on the amount of dielectric mismatch ǫ, between the system and the surroundings. For ǫ = 5, the
crossover occurs at R ∼ 20A˚ as seen from Fig.2(b).
B. Inclusion of Exchange Interaction
In addition to the coulomb interaction there is the exchange interaction3,14 between the electron and the hole which
splits the active exciton states described above. We describe below the effect of exchange interaction in wurtzite GaN,
zinc-blende GaN and wurtzite AlN QDs having positive, zero and negative crystal field splitting respectively.
1. Zinc-Blende GaN (∆cr is zero): A bright exciton is formed when an electron in an S-state in the valence
band absorbs a photon and is lifted to the 1Se state of the conduction band. For quantum dots with the zinc-blende
structure the hole S-state has total angular momentum ~F ′ = 32 and is four fold degenerate w.r.t its z-component
M = ± 32 ,± 12 . The 1Se state in the conduction band being doubly degenerate, in the absence of exchange interaction
the exciton states in zinc-blende are eight fold degenerate. The exchange interaction splits this degenerate level into
a lower(L) five fold degenerate state with ~F = 2
(
~F = ~F ′ + ~Se
)
and Fz = ±2L,±1L, 0L and an upper three fold
degenerate level with ~F = 1 and Fz = ±1U , 0U . The exchange interaction Eq. (11) was diagonalized in the eight
dimensional basis obtained by taking the direct product of the hole S-states with M = ± 32 and M = ± 12 and the
electron spin states ↑ and ↓. In Fig.2(c) the energies of the two states with ~F = 2 and ~F = 1 in meV for z-GaN
7are plotted as a function of R. The energy without the exchange interaction is taken as zero. The ~F = 2 state is a
triplet state. (The only way a state with total angular momentum 2 can be obtained from the electron and hole in
the S state is by coupling the spins of the hole and electron to 1 and then coupling it with I=1). Hence it is optically
passive and forms a dark exciton. The upper state with F=1 is a singlet state. It is optically active and forms a bright
exciton. The amount of red shift which is the splitting between the singlet and triplet states at any given value of R,
decreases as R increases and becomes almost zero at R ∼ 50A˚ as seen from Fig.6(b).
2. Wurtzite GaN (∆cr is positive): For these structures, the S state with M=± 32 has a lower energy than the
S state with M=± 12 . The energies of the exciton states in meV after including the exchange interaction for w-GaN
as a function of R are shown in Fig.1(c). In this case the midpoint of the exciton energies with M=± 32 and M=± 12
is taken as the reference energy (zero of energy). The ground state with Fz=±2 can be obtained by coupling a hole
state with M=± 32 with the electron state with (Se)z=± 12 . Since these combinations form triplet states, the ground
state with Fz=±2 is optically passive and forms a dark exciton. The first excited state with Fz=±1L can be obtained
either by coupling M=± 32 , (Se)z=∓ 12 or alternatively with M=± 12 , (Se)z=± 12 . The state ±1L will be a mixture of
singlet and triplet states and will be optically active. The singlet triplet splitting as a function of R, in the presence
and absence of dielectric mismatch effects, is given in Fig.5(b). It is observed that this splitting almost vanishes
beyond R ∼ 40A˚ and is hardly affected by the dielectric mismatch effects.
3. Wurtzite AlN (∆cr is negative): For these structures, the S-state with M=± 12 lies lower than the S-state
with M=± 32 because ∆cr is negative. This causes a complete reordering of the excitonic levels in w-AlN as compared
to w-GaN (see Fig.1(c) and Fig.4). The optically passive Fz = 0
L state is the ground state in w-AlN which is
almost degenerate with the optically active ±1U states. This can be understood as follows: The state M=± 12 (with
ℓz = 0, Iz = 0 and Sz = ± 12 ) can couple with the (Se)z = ± 12 to give total z-component Fz=0, 0,±1. These four
states are degenerate in the absence of exchange interaction. The exchange interaction couples the two states with
Fz = 0(M = ± 12 , (Se)z = ∓ 12 ) and the degeneracy between the two is removed. But the splitting between the
two is small compared to ∆cr. The Fz = ±1 state can be obtained either with M = ± 12 , (Se)z = ± 12 or with
M = ± 32 , (Se)z = ∓ 12 . In the absence of exchange interaction the excitonic state with M = ± 32 , (Se)z = ∓ 12 lies
above the excitonic state with M = ± 12 , (Se)z = ± 12 . The splitting between these states is large due to the presence
of the large crystal field in w-AlN. The exchange interaction which couples these two states shifts their energies only
slightly because the coupling between these states is weak compared to ∆cr. The lower ±1 state is predominantly
made of the state with M = ± 12 , (Se)z = ± 12 . Hence the states 0L, 0U ,±1U remain close to one another even when
the exchange interaction is switched on. The two Fz = 0 states and the ±1 states with M = ± 12 were degenerate
in the absence of exchange interaction. Since both 0Land ± 1U decrease in energy when the exchange interaction is
included, they come close to each other as seen from Fig.4. These states are also close together in w-GaN but in that
case they lie above the ±2L and ±1L states because ∆cr is positive(Fig.1(c)). The splitting between 0L and ±1U
is further reduced in w-AlN compared to w-GaN because the enhancement factor (aex
R
)3 for splitting in dots over
the bulk value (see Refs. 14, 15), where aex is the exciton bohr radius and R is the dot radius, is smaller in w-AlN
due to the smaller excitonic Bohr radius compared to w-GaN. The splitting between 0L and ±1U almost vanishes at
R ∼ 15A˚.
The red shift of the emission spectra with respect to the absorption spectra involving the excitation-deexcitation
processes at the valence band top is shown schematically in Fig.7. Absorption takes place from the S-state which lies
deeper than the P-state in the valence band to form an exciton in the singlet state. Deexcitation can take place from
the exciton triplet state, reached by thermalization, either to the P state at the top of the valence band or to the
original S-state lying deeper in the valence band with the help of phonons. In the first case, (1) of Fig.7, the stokes
shift will be ∆ESP + ∆EST and in the second case, (2) of Fig.7, it will be ∆EST where ∆ESP is the difference in
energy between the exciton states formed with S and P hole states and ∆EST is the singlet triplet splitting. A third
possibility, (3) of Fig.7, is direct deexcitation from the exciton singlet state to the P state at the top of the valence
band, again with the help of phonons. In this case the Stokes shift will be ∆ESP . It can be seen from Figs.5 and 6
that ∆ESP >> ∆EST .
V. CONCLUSIONS
Dark and bright exciton formation have been studied in wurtzite GaN, zinc-blende GaN and wurtzite AlN QDs
having positive, zero and negative crystal field splitting. It is found that
(1) For w-GaN(+ve ∆cr) QDs and z-GaN(zero ∆cr) QDs the optically passive P state forms the ground state of the
hole. In the case of w-AlN(-ve ∆cr) QDs the optically active S-state is the ground state after 17A˚.
(2) For zinc-blende GaN QDs the first optically active S-state of the hole comes from M = ± 32 ,± 12 . For wurtzite GaN
QDs with +ve ∆cr the first optically active S-state corresponds to M = ± 32 and for ∆cr negative the first optically
8active S state has M = ± 12 .
(3) When the coulomb interaction between the electron and hole is added, the S state energy is lowered more than
the P state energy. This results in the crossing between the active S-state and the passive P state and hence there is
a transition from dark to bright excitonic state at about R ∼ 50A˚ for w-GaN and at about R ∼ 35A˚ for z-GaN QDs.
For w-AlN QDs with negative crystal field splitting the active S state is the ground state throughout the radii range.
(4) Surface polarization effects due to the dielectric mismatch between the QD and the surroundings, shift the crossover
to lower radii, the shift depending on the amount of dielectric mismatch. For ǫ = ǫd
ǫs
= 5 the transition from dark to
bright excitonic state occurs at about R ∼ 30A˚ for w-GaN and about R ∼ 20A˚ for z-GaN QDs.
(5)The inclusion of the exchange interaction gives rise to splitting between the triplet state and the singlet state of the
exciton with the triplet state having lower energy. In the case of z-GaN QDs the ground triplet state is characterized
by total angular momentum F = 2. For w-GaN only the z-component of the angular momentum M is a good quantum
number and Fz = ±2 forms the ground state. The singlet triplet splitting decreases with R and is almost zero at
about R ∼ 50A˚. For w-AlN with -ve ∆cr there is a complete reordering of states relative to w-GaN case and the state
with Fz = 0
L forms the ground state. The splitting between the passive 0L and the active ±1U state is very small
and becomes almost zero at about R ∼ 15A˚.
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9Table Captions
Table I : The probabilities of different components forM = 1
2
, 3
2
in the low lying states, starting from the ground state,
of wurtzite QDs of AlN and GaN for radii R = 16A˚ and R = 76A˚. For example in state 1 in GaN (P,+1, ↑) = 0.49
indicates that the probability of the component with ℓ = 1 and I = 1, Iz = +1 with spin up is 0.49. The table
illustrates how the structure of the states changes with QD radius and material7.
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Figure Captions
Fig.1: The energy levels in units of ǫ0=
γ1
2mo
(
h¯
R
)2
for w-GaN QDs as a function R in (a) absence and (b) presence of
e-h coulomb interaction(without exchange). Eigenvalues in the absence(ǫ = 1) as well as presence(ǫ = 5 of dielectric
mismatch effects are also shown in (b). The states are labelled as Sx ↓, Px ↑ etc, where capital letters represent the
dominant L present and the subscripts for X-, Y-like or Z-like states, arrow indicating the spin state. (c) eigenvalues
including e-h coulomb and exchange interactions. The states are labelled with Fz with superscripts standing for upper
and lower state. The midpoint of the exciton energies with M=± 32 and M=± 12 is taken as the reference energy (zero
of energy).
Fig.2: The energy levels in units of ǫo for z-GaN QDs as a function of dot radius R in the (a) absence and (b)
presence of e-h coulomb interaction and dielectric mismatch effects(without exchange). The states are labelled as
S 3
2
etc where the subscripts represent the total angular momentum. (c) eigenvalues including the e-h coulomb and
exchange interactions.
Fig.3: The energy levels in units of ǫo for w-AlN QDs in the (a) absence and (b) presence of e-h coulomb interaction
and dielectric mismatch effects.
Fig.4: The energy levels in units of meV for w-AlN QDs after the inclusion of exchange interaction. To show the
splitting between the ground state and the first excited state, the ground state 0L has been shown as dashed line and
the excited states as the solid lines. Few of the excited states has been shown in the inset to clearly show the above
splitting.
Fig.5: The energy difference in meV between bright excitonic state and dark excitonic state for w-GaN. (a) Energy
difference of S and P states with M = 32 and
1
2 respectively. (b) The singlet triplet splitting in the absence ǫ =
ǫdot
ǫsurrounding
= 1 and presence ǫ = 5 of dielectric mismatch effects.
Fig.6: The energy difference in meV between bright excitonic state and dark excitonic state for z-GaN. (a)Energy
differences of S and P states. (b) Singlet triplet splitting in meV in the absence and presence of dielectric mismatch
effects.
Fig.7: The excitation-deexcitation processes taking place at the band edges.
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M AlN GaN
R = 16A˚ R = 76A˚ R = 16A˚ R = 76A˚
1
2
(P,+1, ↓) = 0.24 (S,+0, ↑) = 0.86 (P,+1, ↑) = 0.50 (P,+1, ↑) = 0.54
(P,+0, ↓) = 0.51 (P,−1, ↑) = 0.49 (P,−1, ↑) = 0.42
(S,+0, ↑) = 0.63 (P,+0, ↓) = 0.85 (P,+1, ↓) = 0.52 (S,+1, ↓) = 0.46
(P,+0, ↓) = 0.15 (P,+0, ↓) = 0.44 (D,−1, ↓) = 0.3
3
2
(P,+1, ↑) = 0.32 (P,+0, ↑) = 0.86 (P,+1, ↑) = 0.52 (S,+1, ↑) = 0.78
(P,+0, ↑) = 0.64 (P,+0, ↑) = 0.43 (D,−1, ↑) = 0.12
(S,+1, ↑) = 0.78 (D,+0, ↓) = 0.88 (S,+1, ↑) = 0.66 (P,+1, ↑) = 0.71
(D,−1, ↑) = 0.28
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